AbstractThis letter presents a study on the stability of the 12-fold symmetry soft-matter quasicrystals from the angle of thermodynamics combining dynamics of the matter. The results are quantitative, which depend upon only the material constants of the novel phase and very simple and intuitive, these material constants can be measured by experiments.
Introduction
The soft-matter quasicrystals have been observed over 15 years in liquid crystals, polymers, colloids, nanoparticles and surfactants and so on [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] , in which the most frequently observed is 12-fold symmetry ones, which become the most important soft-matter quasicrystals, although later the 18-fold symmetry soft-matter quasicrystals are also found but only in colloids. Based on the symmetry theory, the 5-,8-and 10-fold symmetry structures are similar to the 12-fold symmetry ones, which will be observed in the near future, we call them the first kind of soft-matter quasicrystals. From point of view of symmetry, the 7-, 9-and 14-fold symmetry quasicrystals are similar to those of 18-fold symmetry ones, which will be found in the near future, they can be identified as the second kind of soft-matter quasicrystals. The discovery of soft-matter quasicrystals isan important event in 21 th century chemistry. The soft-matter quasicrystals are formed through self-assembly of spherical building blocks by supramolecules, compounds and block copolymers and so on, which is associated with chemical process and is quite different from that of solid quasicrystals, i.e., the binary and ternary metallic alloy quasicrystals which are formed under rapid cooling. These two thermodynamic environments are completely different to each other. Thenewstructure presents both natures of soft matter and quasicrystals.Soft matter is an intermediate phase between ideal solid and simple fluid, which exhibits fluidity as well as complexity as pointed out by de Gennes [13] , while for quasicrystals the symmetry is very important as they are highly ordered phase. We can say the soft-matter quasicrystals are complex fluid with quasiperiodic symmetry. Refs [14] [15] [16] [17] [18] [19] reviewed soft-matter quasicrystals from different angles on their formation mechanism, structure stability, thermodynamics and the correlation between Frank-Kasper phase and quasicrystals etc., in which stability of the soft-matter quasicrystals discussed by Lifshitz and Diamant [19] in 2007 soon after the discovery of the new phase.They pointed out that because the quite difference formation mechanism of soft-matter quasicrystals with the solid ones, so contrary to the latter, the source of stability soft-matter quasicrystals remains a question of great debate to this day.Since then up to now, the topic on stability of soft-matter quasicrystals are interested by a quite lot of researchers [20] [21] [22] [23] [24] . They gave a different treatment, this shows the problem is complicated. Lifshitz and Diamant suggested to study the problem from the effective free energy that proposed by Lifshitz and Petrich [25] , this energy is connected with mass density  , the governing equation describing the time-space evolution of  is given by Lifshitzand Diamant, they and co-workers did many analyses on the stability of 12-fold symmetry soft-matter. The other discussions on the stability in Refs [19] [20] [21] [22] [23] [24] etc concern thetwo natural length scales and two wave numbers, which are heritage and development of the Lifshitz's pioneering work and promote the study.
Different from the effective free energy approach in studying the stability suggested by Lifshitz and other physicists and mathematicians, we would like to give a probe by a combination between dynamics and thermodynamics. Our group works the generalized dynamics of the soft-matter quasicrystals over the years [26] [27] [28] [29] , we find some results of the dynamics might be used by the thermodynamics, this simplifies the discussion on the stability and easily to find some quantitative results.For this purpose we suggest an extended free energy of the quasicrystal system in soft matter which is the key of the following discussion.
Extended free energy of the quasicrystal system in soft matter
The soft-matter quasicrystalis a complex viscous and compressible fluid with quasiperiodic symmetry, consists of elementary excitations phonon displacement field ( , , )
x y z w w w w and fluid phonon velocity field ( , , )
aretensors of phonon strain, phason strain and fluid deformation rate, respectively [26] [27] [28] [29] , then we define the extended inner energy density
where the first term denotes energy density due to mass density variation, the quantity (2) is one by mass density variation coupling phonons; the third represents that of mass density variation coupling phasons, and , A B and C the corresponding material constants, respectively. According to [30] C should be zero. Based on our computations due to extremely smaller of value of w  than that of u  , the term 
is drawn from Lubensky et al [30] , in which kin H denotes the kinetic energy, H  the energy due to the variation of mass density, el F the elastic deformation energy consisting of contributed from phonons, phasons and phonon-phason coupling, respectively, the detailed definition will be given by (4)- (6) in the following. However, the dynamics equations of soft-matter quasicrystals are different from those of hydrodynamics of solid quasicrystals, and some results of Lubensky equations originated from [30] are not the same in Refs [26] [27] [28] [29] , for example, the equation (A2) in [30] 
according to the constitutive law of soft-matter quasicrystals [26] [27] [28] [29] , i.e., we have the constitutive law for the matter RR the phonon-phason coupling elastic constants [26] [27] [28] [29] respectively. The elastic energy in (2) is the integrations of the relevant density of (5) over the domain. According to the thermodynamics, the extended free energy density is defined by
where ex U the extended inner energy density defined by (2), andthe T absolute temperature and S the entropy, respectively.
Lemma
From (7) and (2), (4)- (6) 
in which the second and third terms are equivalent to the elastic constitutive law of the material for degrees of freedom of phonons and phasons, and the last one is the stability condition of the matter, respectively. Because the formula (2) introduced an extended inner energy density, the variation principle containing in equations (8) 
in which   1111  11  1122  12  3333  33   1133  13  2323  44  1212  66   11  12  66 , , , 1111  2222  2121  1212  1   1122  2211  2112  1221  2  1122  1221  2112  3  2323  1313  4 , ,, As well as the conventional innerenergy density, between stresstensor and strain tensor there is aelastic rigidity matrix, for the extended inner energy density (2) there is an extended rigidity matrix such as 
thisnon-negative condition of the second order variation of the extended inner energy density functionalrequires the extended rigidity matrix must be positive definite. We have the theorem for describing the stability of the soft-matter quasicrystals with 12-fold symmetry as follows:
Theorem
Under the condition (2), the validity of variation (11) is equivalent to the positive definite nature of matrix (10) and leads to   22  11 33  12 33  13  11  12  13  33  11  12   1  2  1  2  1  2  3  44  4 0,
The proof of the theorem is straightforward.
When the conditions (12) are satisfied, the soft-matter quasicrystals of 12-fold symmetry are stable. This stability takes into account of the effects of fluid, fluid coupling phonons, phonons and phasons of soft-matter quasicrystals of 12-fold symmetry, more exactly speaking the stability depends upon the material constants concerning only on fluid, fluid coupling phonons, phonons and phasons of the soft-matter quasicrystals. These constants can be measured by experiments which are similar to that in crystallography [31] and solid quasicrystallography [32] , and presentsimplicity and intuitive character of the complexityof stability of soft-matter quasicrystals. This shows the substantive nature of the stability of soft-matter quasicrystals. Substantively it explores the structure of the matter, because it comes from the constitutive law (9), which is the result of the symmetry of the structure---i.e., the result obtained by theory of group and group representation of the quasicrystals, refer to [26] [27] [28] [29] .
Comparison and examination
It is well-known that the 12-fold symmetry quasicrystals in soft matter belong to a type of two-dimensional quasicrystals, and in which the phonon field structure presents the character of the hexagonal crystals [26] [27] [28] [29] .
For the special case, as phason field is absence, i.e., 
Here constant A can be any positive value, and the value can be taken arbitrary small, due to (12) is reduced to that of hexagonal crystal system (14) , the latter was derived by Cowley [31] . This, in one angle, is explored to examine the dynamics and thermodynamics of soft-matter quasicrystals being correct, but in another angle, it shows the constant A could not be zero , this means the soft matter cannot be reduced to a solid phase from the angle of requirementof soft matter stability. While for another case, i.e., in the solid quasicrystals of 12-fold symmetry, then (12)reduces to 
under condition B=0 and A being any positive value, the inequality (15) is the stability condition of solid quasicrystals of 12-fold symmetry, which is derived by the authors and explores the correctness of the dynamics and thermodynamics of soft-matter quasicrystals once again, and shows again the soft matter cannot be reduced to a solid phase from the angle of requirement of soft matter stability. The stability is connected with the positive definite nature of the mathematical structure of the matter dynamics, this is useful to the numerical solution (e.g. the finite element method), which will be discussed inouranother paper.
The stability is connected to the phase transition, this is more important problem. For crystals, Cowley [31] gave an analysis, and for quasicrystals, it requires to carry out to continue the probe.
Discussion and conclusion
By a complete different approach compared with Refs [19] [20] [21] [22] [23] [24] this report discussed the stability of soft-matter quasicrystals, which directly is based on the thermodynamics with the help of generalized dynamics of the matter, and offered some quantitative and very simple results, the stability depends only upon the material constants, which can be measured by experiments. The correctness and precisionof the theoretical prediction isexamined by results of crystals and solid quasicrystals in qualitatively as well as quantitatively (refer to (14) and (15)).In the examination through the crystals and solid quasicrystals, we find that the constant A can be arbitrary positive number but does not equal to zero, this shows the soft matter state cannot be reduced to any solid state phase, so the constant presents an important meaning for soft matter. The introducing of the constant A was by Lubensky in hydrodynamics of solid quasicrystals [30] which is drawn by the first author of the paper to study the generalized dynamics of soft-matter quasicrystals over the years, due to the importance of the mass density in soft matter, the constant A becomes more important in the matter in the study of dynamics as well as thermodynamics.
The discussion can also be given in accordance with the first law of thermodynamics, in this law we have stabilities are similar to that given by (11), we will report in other case. The stability of the second kind of soft-matter quasicrystals can be seen the report given by [33] .
